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In this work a systematic way of generating all the thermodynamically equi®alent
(structures for a gi®en sequence of separation task in N-1 distillation columns N is the

)number of components to be separated is presented first. The problem is represented
through a set of symbolic relations that can be written as propositional logic expressions.

( )Alternati®es from fully thermally coupled systems only one reboiler and one condenser
( )to con®entional columns each column with a reboiler and a condenser , plus all the

intermediate possibilities, are considered. Then all the thermodynamically equi®alent
structures that do not ha®e control problems associated with the flow transfer among
columns are generated. Again the problem is formulated as a set of symbolic relations
written as propositional logic expressions. A formula with a detailed deri®ation to calcu-
late the number of alternati®es for a gi®en sequence of tasks is also presented. Logic
expressions in propositional logic form or translated into algebraic expressions in terms
of binary ®ariables can be integrated in the framework of Disjuncti®e Programming to
extract the best solution for a gi®en objecti®e function. Se®eral results are presented with
systems in®ol®ing mixtures of 4 and 5 components.

Introduction
ŽIt has been proved Triantafyllou and Smith, 1992; Rudd,

.1992; Agrawal and Fidkowski 1998a that for a mixture of
three components the Petlyuk configuration reduces the total
vapor flow by 10 to 50% as compared to conventional sys-
tems using direct and indirect split arrangements. It seems
that this reduction in total vapor flow rate is common to all
the fully thermally coupled systems with more than three
components. The lower vapor flow rate is of interest in the
design of distillation systems because of the lower energy
consumption, the smaller diameters required for the distilla-
tion columns, and the smaller heat exchangers needed for
reboiling and condensing. Furthermore, the system requires
only two heat exchangers while other systems need three or
more. However, the increase in the number of sections in

Correspondence concerning this article should be addressed to J. A. Caballero.

thermally coupled distillation systems can also increase the
Žcapital costs. Between these two extreme possibilities con-

.ventional columns and thermally coupled distillation systems
there are all the intermediate partially thermal linked columns
using an intermediate number of heat exchangers and sec-
tions. It is likely that the optimum design may belong to this
class of systems.

The fully thermally coupled distillation systems are rarely
used in industry, and it is only recently that there has been
renewed interest in them. Difficulties in the control are prob-
ably the main reason. Let us consider, for example, the Pelt-
lyuk configuration of Figure 1b. In this configuration the va-
por has to be transferred back, from the main or product
column to the prefractionator, and forth, from the prefrac-
tionator to the main column. In this condition the vapor flow
rate has a difficult control, because neither of the columns
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Figure 1. Divided wall column and the thermodynamically equivalent configurations for a mixture of three compo-
nents.

has a higher or lower pressure than the other column. There-
fore, the bottom part of the prefractionator has to be at lower
pressure than the lower section of the main column, and the
pressure in the upper section of the main column has to be
lower than the pressure in the upper section of the prefrac-
tionator.

Ž . Ž .Kaibel 1988 , Smith and Linnhoff 1988 , and later Agrawal
Ž .and Fidkowski 1998b showed that the Peltluyk configura-

tion can be rearranged to different column structures, all of
Žthem thermodynamically equivalent temperatures, flows,

.compositions, and so on, are the same in all configurations .
Consider again Figure 1. While the configuration presented
in Figure 1c has the same controllability problems as Figure
1b, configurations Figures 1d and 1e do not have those prob-
lems. In these cases, the vapor flows from column to prefrac-
tionator or from prefractionator to column, but not both si-
multaneously. Therefore, one column can be maintained at
higher pressure than the other, and the vapor flow can be
controlled by a single valve in the transfer vapor line, while

liquid can be transferred either through static head or by us-
Ž .ing liquid pumps Agrawal, 1999 .

In this work we first present a systematic way of generating
all the possible rearrangements for a given sequence of sepa-
ration tasks, and show how it can be integrated with the model
in order to select the best arrangement of columns. Then, we
will show how the previous model can be modified to select
only among the arrangements that are easier to operate.

The rest of the article is divided into three main sections.
In the first one a brief outline of how to generate superstruc-
tures is presented. Although this is not the objective of this
article, this section is necessary for the full understanding of
the other two parts. The second part deals with the genera-
tion of all the alternatives for the rearrangement of a given
sequence of tasks in N-1 thermally coupled columns, and how
to extract the optimal solution from among all the alterna-
tives. The third part is a modification of the second one in
order to generate only arrangements that are ‘‘easier to con-
trol.’’
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( )Figure 2. Separation of three components: a Peltlyuk
( )configuration; b a heat exchanger is intro-

(duced associated to state AB both configu-
)rations are not thermodynamically equivalent .

Some basic concepts and definitions
We introduce the definitions of column section, task, and

state, as well as some common concepts that will be used
Ž .throughout the article. A column separation section is de-

fined to be a portion of a distillation column that is not inter-
Žrupted by entering or exiting streams or heat flows Hoh-

.mann 1982 . States are defined as all physical and chemical
properties of a stream. They can be quantitative like temper-
ature, pressure, or composition, or qualitative like phase
Ž . Žliquid or vapor Papalexandri and Pistikopoulos, 1996; Yeo-

.mans and Grosmann, 1999 . For example in a mixture of three
components ABC all the possible states are ABC, AB, BC,

ŽA, B, C defined, in this case, only as a function of their com-
position, although more characteristics can be introduced if

.necessary . A task is defined as the physical or chemical
Žtransformations between adjacent states Yeomans and

.Grossmann, 1999 . Some possible tasks for the previous ex-
Ž . Žample are ArBC separate A from BC or ABrBC separate

.AB from BC .
For the sake of simplicity, in some parts of the article the

states will be defined only as a function of composition. How-
ever, in general it is necessary to distinguish between states

Žthat involve a heat exchanger or states without one that is,
states formed by a single stream, or states formed by two

.streams: vapor and liquid . Consider, for example, Figure 2.
If the states are defined only as a function of their composi-
tion, both separation sequences would be ABrBC � ArB �
BrC. It is clear, however, that the heat exchanger associated
with state AB makes these two sequences different. There-
fore, the states that do not involve a heat exchanger will be

Ž�.denoted with the symbol . Both separations are then,
AB�rBC� � ArB �BrC; ABrBC� � ArB � BrC.

In order to illustrate the different aspects addressed in this
article, consider the separation of a mixture of four compo-
nents, ABCD. It is well known that for separating this type of
mixture into their pure components we can use three conven-

Žtional columns in general Ny1 conventional columns, N
being the number of streams�in this case components� that

.leave the system . Therefore, with only conventional columns
Ž .we require six heat exchangers�2 N-1 �and six column

Ž .sections rectifying and stripping section in each column . It

is also well known that we can perform the separation using
Ž . Žfive different sequences Thomson and King, 1972 Figures
.3.1, 3.5, 3.7, 3.9, and 3.11 .

At this point it is useful to distinguish between heat ex-
changers associated with intermediate states and heat ex-

Ž .changers associated with a state stream that leaves the sys-
Ž .tem in our example, pure components . For example, in Fig-

ure 2 heat exchangers associated with state AB belong to
class I, and heat exchangers associated with states A and C
belong to class II.

Beginning with a sequence of conventional columns it is
possible to remove exchangers of class I without changing the

Ž .number of column sections Figure 3.1 to 3.12 . The heat ex-
changer is replaced by a vapor stream and a liquid stream. In
other words, removing an intermediate heat exchanger pro-
duces a thermal coupling between columns. However, if we
want to remove any heat exchanger of class II, we have to
increase by two the number of column sections by the heat

Ž .exchanger that is removed Agrawal, 1996 . See Figure 3.13
to 3.30. It is possible to remove all the heat exchangers ex-
cept, of course, those associated with components A and D
Ž .Figure 3.25 to 3.30 . The number of column sections will

Ž .increase up to 10 4Ny6 . However it is possible to continue
Ž .increasing the number of column sections until 12 -N Ny1

Ž .Agrawal 1996 . See Figures 3.31 to 3.32. A systematic way of
generating all of these sequences was presented by Caballero

Ž .and Grossmann 2001 and will be outlined in the section
Generation of Thermally Linked Sequences of this article. In
Figure 3, except for the first sequence, only the cases of max-
imum thermal coupling and no thermal coupling are pre-
sented. However, any intermediate state could involve a ther-
mal link or a heat exchanger. Taking this into account for the
case of a 4scomponent mixture there are ‘‘148’’ nonthermo-
dynamically equivalent separation sequences using all of them

Ž . Ž3 � N-1 columns 20 sequences with 6 sections, 48 with 8
.sections, 48 with 10 sections, and 32 with 12 sections .

When we use only conventional columns, there is a corre-
Žspondence between separation tasks and columns a given

.column performs a single separation task . However, this is
not true for fully or partially thermally coupled systems. For
these systems it is important to differentiate between the se-
quence of tasks and the specific sequence of columns that
performs the separation. Consider again Figure 1b to 1e. This
figure shows different arrangements of two columns, but the
sequence of tasks is the same. For example, it is possible to
go from the configuration in Figure 1b to 1e by changing sec-
tion 6 from column 2 to column 1, but flows, temperatures,
and pressures of the sections remain unchanged. These con-
figurations are ‘‘thermodynamically equivalent.’’ This concept
can be generalized to N component mixtures. Note that in
these cases a single column can perform more than one sepa-
ration task. All the rearrangements of these sequences of tasks
in N-1 columns will be addressed in the section Arrange-
ments of Fully Thermally Coupled Distillation Columns for a
Given Separation Sequence. Some particular cases, like those
presented in Figure 4�divided wall columns, special separa-
tions with less than N-1 columns, and systems with more than
N-1 columns � will not be considered.

For some thermally coupled systems, the same operational
and control problems seem to arise as in the case of the Pelt-
lyuk configuration. However, there always exists a thermody-
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namically equivalent structure that is ‘‘easier to control.’’ A
systematic way of generating all these easier-to-control con-
figurations is presented in the section Arrangements of Eas-
ier to Control Thermally Coupled Distillation Columns for a
Given Separation. Although a proof is not presented, results
of that section suggest the following postulate:

Postulate 1. Given a sequence of tasks for separating a
mixture of N components that do not form azeotropes and
that produces a partially or fully thermally coupled configura-
tion, there is always a thermodynamically equivalent se-
quence�usually more than one�in which it is possible to

transfer the vapor flow streams from columns at higher to
lower pressures.

Ž .Agrawal 1996 gave a set of heuristics for drawing by hand
fully thermally coupled systems for an Nscomponent mix-

Ž .ture using from 4N-6 to N N-1 column sections. Caballero
Ž .and Grossmann 2001 using the STN formalism of Yeomans
Ž .and Grossmann 1999 proposed a systematic way of generat-

ing and modeling a superstructure for general distillation sys-
tems from conventional columns to fully thermally coupled
systems, including all the intermediate structures. Two as-
pects are important in that work. First, there is no assump-

( )Figure 3. Sequences of three columns for separating a four component mixture see text .
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( ) ( )Figure 3. Continued Sequences of three columns for separating a four component mixture see text .

Žtion about the particular arrangement of columns recall that
for partially or fully thermally coupled systems there is a large
number of possible rearrangements for a given sequence of

.tasks , and second, it allows the systematic model of the sys-
Žtem independent of the level of detail shortcut, aggregated,

.or rigorous .
However, as pointed out before, two important questions

must be addressed in order to synthesize sequences of fully
or partially thermally coupled distillation systems. The first
one can be stated as follows: Given a sequence of separation
tasks, find the optimal arrangement of sections in N-1 ther-
mally coupled columns. This includes a procedure for gener-
ating all the possible arrangements and extracting the opti-
mal one. The second is to find the optimal arrangement that
is easier to control, in which it is possible to uniformly fix the
pressure of each column in a way that the vapor always flows
from higher to lower pressures.

ŽThese two questions were also addressed by Agrawal 1999,
. Ž .2000 . He proposed a series of rules or steps for generating

all of the possible arrangements by hand. However, this au-

thor did not present a systematic way for extracting the best
arrangement. More operable configurations were generated
by moving sections among columns, for which this author
proposed a series of rules for generating these structures from
a given base structure. The major difficulty with this ap-
proach is that there is not a single base structure for a se-
quence of tasks, and it is unclear how to extract the best rear-
rangement from among all the possible alternatives.

Generation of Thermally Linked Sequences
Here we present a brief outline of how to generate super-

structures for fully thermally coupled systems and how to
model such a superstructure in order to extract the optimal
configuration. Further details can be found in Caballero and

Ž .Grossmann 2001 .
The problem to be solved in this part can be stated as fol-

lows: a mixture of N components, which do not form
azeotropes, is given. The objective is to find the best se-

November 2003 Vol. 49, No. 11 AIChE Journal2868



quence of separation tasks among all the possible sequences
in order to obtain N streams of pure components. As was
indicated earlier, this part has two steps: generating the su-
perstructure and modeling it in order to extract the best con-
figuration.

Generating a superstructure is straightforward using the
State Task Network formalism of Yeomans and Grossmann
Ž .1999 . An example of a 4-component mixture is shown in
Figure 5a. An aggregated superstructure for the four compo-

Ž .nents is shown in Figure 5b Caballero and Grossmann, 1999 .
Ž .Caballero and Grossmann 2001 have shown that a set of

five rules are enough for extracting all the feasible sequences
from these superstructures. These rules can be expressed in
mathematical form using propositional logic in terms of
Boolean variables, and then, if desired, translated to an
equivalent set of algebraic inequalities in terms of binary
variables.

We define the following index sets, which we will use later
in the mathematical formulation of the logical set of rules for

Žextracting the feasible sequences of the superstructure. We
.will illustrate it for the case of a mixture of four components

�� 4TASKSs t t is a given task

�e.g. TASKs ArBCD; ABrBCD; ABrCD;

ABCrCD; ABCrD; ArBC; ABrBC; ABrC;

4BrCD; BCrCD; BCrD; ArB; BrC; CrD

�� 4STATES s s s is a state

� 4e.g. STATESs ABCD; ABC; BCD; AB; BC; CD; A, B, C, D

�� 4ISTATE s m m is an intermediate state

� 4e.g. ISTATEs ABC, BCD, AB, BC, CD

�� 4COMP s i is a pure component

� 4e.g. COMPs A, B, C; D

� 4TS s tasks t that the state s is able to produces

�e.g. TS s ArBCD; ABrBCD; ABrCD; ABCrCD;ABCD

4ABCrBCD ABCrD

� 4TS s ArBC; ABrBC; ABrCABC

� 4ST s task t that are able to produce state ss

� 4e.g. ST s ABCrBCD; ABCrCD; ABCrDABC

� 4ST s ArBCD; ABrBCD; ABCrBCDBCD

� 4ST s ABrBCD; ABrCD; ABrC; ABrBCAB

�ST s ArBC; ABrBC; BCrCD; BrCDBC

� 4ST s ABrCD; ABCrCD; BrCD; BCrCDCD

According to our previous definition, a task will be per-
formed by two column sections. For example, the task ABrCD
will produce the state AB through a column section and the
state CD through another column section. Therefore, a task
can be regarded as a pseudocolumn. Similar to conventional
columns, we call the upper section of a task the rectifying
section, and the lower section of a task the stripping section.

( ) ( )Figure 4. a Divided wall column; b column with a lat-
eral extraction.

Taking this into account, we also define the following index
sets

� 4RECT s task t that produces state s by a rectifying sections

� 4RECT s ABCrCD, ABCrD; ABCrBCDABC

� 4RECT s ABrBCD; ABrBC; ABrCAB

� 4RECT s BCrCDBC

� 4STRIP s task t that produces state s by a stripping sections

� 4STRIP s ArBCD; ABrBCD; ABCrBCDBCD

� 4STRIP s ABrBC; ArBCBC

� 4STRIP s ABrCD; ABCrCD; BrCD; BCrCDCD

�PREC s task t that produce pure product i through ai

4rectifying section

� 4PREC s ArBCD; ArBC; ArBA

� 4PREC s BrCD; BrCB

� 4PREC s CrDC

�PSTR s task t that produce pure product i through ai

4stripping section

� 4PSTR s ArBB

� 4PSTR s ABrC; BrCC

� 4PSTR s ABCrD; BCrD; CrDD

Next we define the Boolean variable Y such that the vari-t
ables are True if the Task t is selected in the configuration,
and False otherwise. The Boolean variables, Wi, are defined
to take the value True if there is a heat exchanger associated
with the pure product i. The five rules for extracting the fea-
sible configurations and the equivalent logical proposition
follow:

l. A given state s can give rise to at most one task. For
example, the state ABC could produce the tasks ArBC,
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( ) ( )Figure 5. a STN superstructure for a 5-component mixture; b aggregated superstructure.

ABrBC, or ABrC, but only one of those will be selected in a
given sequence

� YkZ sgSTATES 1Ž .t

tg STs

where Z is an auxiliary variable that means ‘‘do not choose
any of the options of the set ST .’’s

Ž .2. A given state except products can be produced at most
by one or two contributions: one must come from a rectifying
section of a task, and the other from a stripping section of a
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task

� YkZsgSTATESt

tg PRECs

� YkZsgSTATES 2Ž .t

tg PSTR s

Again Z is an auxiliary Boolean variable that means that none
of the other options in the disjunction is selected.

3. The lightest and heaviest products are produced by only
one contribution. However, an intermediate product, i, can
be produced by one or two contributions

Y igCOMP� t
Ž .tg PREC � PSTRi i

� YkZ igCOMPt

tg PRECi

� YkZ igCOMP 3Ž .t

tg PSTR i

The first of the previous three equations ensures that prod-
uct i is produced by at least one task, while the other two
equations ensure that product i is produced by the contribu-
tions of at most one rectifying section and at most one strip-
ping section.

3.1. If the intermediate product is produced by two contri-
butions, one must come from a stripping section of a task and
the other for a rectifying section, and no heat exchanger is
associated to this product

Y n Y ´W igCOMP 4Ž .� �t t iž / ž /
tg PREC tg PSTRi i

3.2. If the intermediate product is produced by only one
contribution, the heat exchanger associated with this product
must be selected

p Y ´W igCOMP� t iž /
tg PRECi

p Y ´W igCOMP 5Ž .� t iž /
tg PSTR i

Ž .4. Connectivity is simply the mathematical logical expres-
sion of the relations between tasks in the superstructure

Y ´ Y � tgST , sgSTATES�t k s
kgTSs

Y ´ Y � tgTS , sgSTATES 6Ž .�t k S
kk STS

5. The minimum number of tasks is Ny1qNyEs2 N-
Ž1-E E is the number of heat exchangers of class II heat

.exchangers associated to states leaving the system 2FEFN.
It is interesting design systems with the minimum number of

Ž .tasks or column sections ; however, for fully thermally cou-

pled systems, it is possible to obtain schemes with up to
Ž . ŽN N-1 sections an intermediate state produced by more than

.one task . The classic superstructure proposed by Sargent and
Ž . Ž .Gaminibandara 1976 uses N N-1 column sections, there-

fore, we also considered this possibility

Y sNy1y W 7Ž .Ý Ýt i
tgTASK igCOMP

For fully thermally coupled systems, the previous equation is
only a lower bound.

The next step consists of writing the equations of the model.
The advantage of using the STN formalism together with

Ž . Žgeneralized disjunctive programming GDP Turkay and
.Grossmann, 1996 is that the formal structure of the model is
Žalways the same see, for example, Yeoamans and Gross-

.mann, 1999; Caballero and Grossmann, 1999 . Conceptually
the model can be written as follows

P1Ž .
min f xŽ .

s.t.

Yt pYth x s0Ž . � � tgTASKt tB xs0g x F0Ž .t

W pWi i� � igCOMP
ip x s0Ž . B xs0i

K pKk k
� �kgISTATE1 2� x s0 � x s0Ž . Ž .k k

� 4� Y ,W sTrueY s True, FalseŽ .t i t

In the preceding model x is a vector of continuous vari-
Ž .ables, and f x is the objective function. The equations and

constraints that are activated when task t is performed are
Ž . Ž . Ž .given by h x s0 and g x F0. The equations p x s 0t t i

include energy balances, mass balances, and costs that must
be used if a heat exchanger associated to a pure product ap-

Ž .pears in the configuration W sTrue . The sets of equationsi
1Ž . 2Ž .� x s0 and � x s0 are only connectivity equations thatk k

Ž . Ž .are different if there is K sTrue or is not K sFalse ank k
intermediate heat exchanger. Figure 6 shows the model. This
disjunctive representation has the advantage that it can be
used with shortcut, aggregated, approximated, or rigorous
models, depending on the level of detail that is desired. Fur-
ther details about the model and solution can be found in

Ž .Caballero and Grossmann 2001 .

Arrangements of Fully Thermally Coupled
Distillation Columns for a Given Separation
Sequence

The problem addressed in this section can be stated as fol-
lows. Given a sequence of tasks for separating a mixture of N
components in N pure streams. The objective is to obtain all
of the possible thermodynamically equivalent arrangements
of column sections in N-1 thermally coupled distillation
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Figure 6. Conceptual representation of the disjunctive model for designing thermally coupled distillation se-
quences.

columns. No wall-dividing columns are considered. Figure 1
illustrates the objective of systematically finding all the ar-
rangements for a mixture of three components .

ŽThe starting point is a sequence of feasible tasks and
. Žstates to perform a given separation a solution of the prob-

.lem outlined in an earlier section . As an illustrative example
consider the feasible sequence of tasks and states presented
in Figure 7. This example corresponds to the separation of a

Ž .mixture of five components using 20 column sections N N-1 .
ŽNote that one possible rearrangement is that proposed by

.Sargent and Gaminibandara, 1976 .
The problem of finding all of the possible rearrangements

in N-1 columns can be reduced to solving a set of logical
relationships among tasks and states. These relationships can
be stated as logical propositions in terms of Boolean vari-
ables, and these in turn can be translated into a set of linear
algebraic relationships in terms of binary variables to formu-

Ž .late the problem as a mixed integer linear program MILP
Žthat corresponds to an extended assignment problem assign-

ing a section to a given column with some extra constraints in
.order to assure the feasibility .

ŽWe introduce the following index sets sequence of states
.and tasks of Figure 7 will be used to illustrate the procedure

�� 4SECTIONs j j is a column section

�� 4COLUMNs c c is a column

�� 4STATEs e e is a state

�� 4PUREs n n is a pure product

�REC s sections that give rise to state e coming frome

4a rectifying section

�STR s sections that give rise to state e coming frome

4a stripping section

� 4T REC s rectifying section produced by state ey e

� 4T STR s stripping section produced by state ey e

Figure 7. Sequence of tasks for a mixture of 5 compo-
nents with 20 column sections.
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Note that the set PURE can be considered a subset of
STATE, if desired.

For the sequence presented in Figure 7, we have the fol-
lowing:

� 4SECTIONs j1,j2,j3, . . . ,j20

� 4COLUMNs c1,c2,c3,c4

�STATEs ABCDE, ABCD, BCDE, ABC, BCD, CDE, AB,

4BC, CD, DE

� 4PUREs A,B,C,D,E

� 4 � 4 � 4REC s j1 ; REC s j3 ; REC s j7 ; RECABCD ABC AB BCD

� 4 � 4 � 4s j5 ; REC s j9 ;REC j11BC CD

� 4 � 4 � 4STR s j2 ,STR s j6 ;STR s j12 ;STRBCDE CDE DE BCD

� 4 � 4 � 4s j4 ; STR s j10 ; STR s j8CD BC

We now define the Boolean variable P that takes thej,c
value of True if the section j is assigned to the column c, and
False otherwise.

The following set of logical relationships defines com-
pletely the problem:

1. Each column has at least one section

P �cgCOLUMN 8Ž .� j,c
jgSECTION

2. A given section can only be assigned to one column

� P � jgSECTION 9Ž .j,c

cgCOLUMN

These first two relations correspond to those of the assign-
ment problem.

3. Connectivity relationships.
3.1 There are no heat exchangers associated with state

e. These relations are derived directly from the structure of
tasks and states. It can be stated as follows: Among all the
sections that reach or exit from a given state, only two, a
rectifying section and a stripping section, must be assigned to
a given column, c

P ´P kP rgT REC ;lgT STR ; sgREC ;r ,c l ,c s ,c e e e

�cgCOLUMN
P ´P kP rgT REC ;lgT STR ;sgSTR ;l ,c r ,c s ,c e e e

�cgCOLUMN
P ´P kP rgREC ;lgT REC ;sgSTR ;r ,c l ,c s ,c e e e

�cgCOLUMN
P ´P kP rgT STR ;lgSTR ;sgREC ;l ,c r ,c s ,c e e e

�cgCOLUMN 10Ž .
p P kpP kpP rgREC ;lgT REC ;r ,c l ,c s ,c e e

sgT STR ;�cgCOLUMNe

p P kpP kpP rgSTR ;lgT REC ;r ,c l ,c s ,c e e

sgT STR ;�cgCOLUMN 11Ž .e

Ž .The first four relations Eqs. 10 are feasibility relations
among sections for a given state. For example, consider the
BCD state in Figure 7. In this particular case the four previ-

ous equations are as follows

P ´P k Pj9,c j10,c j5,c

P ´P k Pj10,c j9,c j4,c
�cgCOLUMN 12Ž .

P ´P kPj4,c j5,c j10,c

P ´P kPj5,c j4,c j9,c

Ž .The other two equations Eqs. 11 assure that only two of
those sections are assigned to column c. For example, in the
BCD state, those equations are as follows

p P kpP kpPj4,c j9,c j10,c
�cgCOLUMN. 13Ž .5p P kpP kpPj5,c j9,c j10,c

3.2. There is a heat exchanger associated with state e. In
Žthis case, the stripping and rectifying sections T REC .e

.T STR of state e must be in the same columne

P mP rgT REC , sgSTR �cgCOLUMNr ,c s ,c e e

14Ž .

4. The two sections produced by the feed state must be
assigned to the same column

P mP 15Ž .j1,c j2,c

ŽIn some special cases this last relation can be relaxed the
.feed is introduced by the top or the bottom of a column .

5. For the products of intermediate volatility that leave the
system, the rectifying and stripping sections must be assigned
to the same column. Of course, this relationship will hold
only if there is no heat exchanger associated with that pure
product

P mP , jgREC ;lgSTR ;eg PURE ;�cgCOLUMNj,c l c e e

16Ž .

Following the example in Figure 7, these relations are as fol-
lows

P , mP ,¶j14 c j15 c•P mP �cgCOLUMN 17Ž .j16,c j17,cßP mPj18,c j19,c

The previous set of logical relationships include all of the
possible configurations in N-1 columns. However, the prob-
lem is degenerate in the sense that it is possible to get equiv-
alent solutions, but with different column assignments. For
example, a possible solution for the set of sections of Figure
7 is

Column 1: j1, j2

Column 2: j3, j4, j5, j6

Column 3: j7, j8, j9, j10, j11, j12

Column 4: j13, j14, j15, j16, j17, j18, j19, j20

It is easy to check that if the assignments of any two
columns are changed the sequence is exactly the same. How-
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ever, from a mathematical point of view they are different
solutions of the problem. To avoid this problem there are
two alternatives. The first consists of adding a new set of
logical constraints in order to avoid the degenerate solutions.
However, this approach produces a large number of con-
straints that increase exponentially with the number of com-
ponents. The second approach consists of fixing some assign-
ments a priori. In our example, we can fix the assignments
section 1 to column 1; section 4 to column 2; section 9 to
column 3. It is easy to check that, say sections 1 and 4, cannot

Žbe assigned to the same column if we add to the previous
problem a constraint that forces sections 1 and 4 to belong to

.the same column, the problem becomes infeasible .
Finally, there are some constraints that are not strictly

needed but help to solve the problem. Consider again Figure
7. It is clear from this representation that sections j7 and j14
cannot be simultaneously assigned to the same column. The
same happens to sections j3, j8, and j15, and so on. There-
fore, defining a new index set

� 4ROW column sections in the same rowj

it is possible to write the following constraints

� P kZ cgCOLUMN 18Ž .j,c

jgROW

where Z is again a dummy Boolean variable that only means
that no assignment is made.

Another interesting point is knowing what the total num-
ber of thermodynamically equivalent configurations is for a

Ž .given sequence of tasks. Agrawal 2000 presented a proce-
dure for calculating the number of sequences, but it appears
that not all configurations are considered for systems with

more than four components. The following formula predicts
the total number of rearrangements

NCs2ŽN TyNH EIy1. 19Ž .

where NC is the total number of configurations, NT is the
number of separation tasks, and NHE is the number of heatI

Žexchangers of class I associated to nonpure products inter-
.mediate states in the structure. A detailed derivation of Eq.

19 is shown in the Appendix. Some special cases are of inter-
est. First, when only two heat exchangers are used and the

Ž . Ž .number of column sections is N N-1 as in Figure 7 , the
total number of configurations can be related to the number

Ž .of components to be separated N

NCs2ŽN ŽNy1.r2y1. 20Ž .

And second, if we want only sequences of tasks using the
minimum number of sections, then the total number of possi-
ble rearrangements as a function of the total number of com-
ponents is

NCs2ŽŽ4 Ny6.r2yNH Eq1. 21Ž .

where NHE is the total number of heat exchangers.
Table 1 shows the results of some representative cases.

Note that for the example presented in Figure 7 the total
number of possible rearrangements is 512.

Examples 1 and 2
Due to the obvious lack of space, the 512 alternatives of

the example cannot be presented here. However as an intro-

Table 1. Number of Thermodynamically Equivalent Configurations

Number of Total Number of Thermodynamically Thermodynamically
Components Heat Exchangers Equivalent Equivalent

Sequences Sequences
Ž Ž .minimum-number N Nq1 Column

.of column sections Sections

3 4 1
3 3 2
3 2 4 4
4 6 1
4 5 2
4 4 4
4 3 8
4 2 16 32
5 8 1
5 6 4
5 4 16
5 2 64 512
6 10 1
6 8 4
6 6 16
6 4 64
6 2 256 16,384
10 18 1
10 12 64
10 8 1,024
10 4 16,384

1310 2 65,536 1.7592 �10
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(Figure 8. The 8 alternatives for the separation of a mixture of 5 components using 5 heat exchangers according to
)8.a .
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Figure 9. The 16 possible rearrangements of a mixture of 4 components for the sequence of tasks given in 9.a, using
the minimum number of column sections.

duction, Figure 8 presents the eight alternatives for the sepa-
ration of a mixture of five components using five heat ex-
changers, and Figure 9 shows the 16 possible rearrangements
of a mixture of four components for a sequence of tasks using
the minimum number of column sections.

Arrangements of Easier to Control Thermally
Coupled Distillation Columns for a Given
Separation Sequence

The problem addressed in this section is similar to the one
presented in the previous section, but it includes an addi-
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( )Figure 9. Continued The 16 possible rearrangements of a mixture of 4 components for the sequence of tasks given
in 9.a, using the minimum number of column sections.

tional constraint: ‘‘The vapor should flow from higher to lower
pressure columns.’’

Consider again Figure 1 from the Introduction. While the
configurations presented in Figure 1b and 1c have control
problems associated with the vapor transfer among columns,
the configurations shown in Figures 1d and 1e do not have
that problem. In these cases the vapor flows from column to

prefractionator, or from prefractionator to column, but not
both simultaneously. In this section we present a set of logi-
cal relationships that allows the generation of all these eas-
ier-to-control configurations.

Due to the fact that this case is an extension of the previ-
ous one, all the equations introduced for generating all ther-
modynamically equivalent configurations are also part of this
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model, except for those variables that are fixed to avoid de-
generacy. However, an important modification is included. In
this case: the set COLUMNS is an ordered set in which the

Ž .first element first column corresponds to the column at
lower pressure, and the rest of the elements are ordered in
increasing pressures.

The new logical relationships are as follows:
1. There is a reboiler in the column at higher pressure and

a condenser in the column at lower pressure

¶�
c1, cqgCOLUMNrfirst and last column inPsgPURE s,c1A • the set, respectively, A most volatile

P� s,cq component: X less volatile componentß
sgPURE X

22Ž .

2. Consider a state e that has no associated heat ex-
changer.
Ž .2.1 . If at the state e the flow only reaches from a rectify-

ing section s, then if the rectifying section r and the stripping
section l that exit from state e belong to the same column c,
the section s must be assigned to a column cc at higher pres-
sure

rgT REC ;lgT STR ;sgRECe e e
P n P ´Pr ,c l ,c s ,cc c,ccgCOLUMNrord cc � ord cŽ . Ž .

23Ž .

Ž .Figure 10a illustrates this situation. Recall that the set
COLUMN is an ordered set. Also, the term ord makes refer-

Ž .ence to the position order that a given element has in the
set.

2.2. If at the state e the flow only reaches from a rectifying
section s, then if the rectifying section r that exits from the
state e and the rectifying section s belong to the same col-
umn c, the stripping section l that exits from state e must be
assigned to a column at higher pressure

P n P ´P rgT REC ;lgT STR ;sgRECr ,c s ,c l ,cc e e e

c,ccgCOLUMNrord cc �ord c 24Ž . Ž . Ž .

Figure 10b illustrates this situation.
2.3. If at the state e the flow only reaches from a stripping

section k, then if the rectifying section r and the stripping
section l that exit from state e belong to the same column c,
the section k must be assigned to a column cc at lower pres-
sure

P n P ´P kgSTR ;rgT REC ;lgT STRr ,c l ,c k ,cc e e e

c,ccgCOLUMNrord cc �ord c 25Ž . Ž . Ž .

Figure 10. The logical relationships between columns
presented in relations 2.1. to 2.4

Figure 10c illustrates this situation. 2.4. If at the state e the
flow only reaches from a stripping section k, then if the strip-
ping section l that exit from state e and the stripping section
k belong to the same column c, the rectifying section r that
exits from state e must be assigned to a column cc at lower
pressure

P n P ´P kgSTR ;rgT REC ; LgT STRk ,c l ,c r ,cc e e e

c,ccgCOLUMNrord cc �ord c 26Ž . Ž . Ž .

Figure 10d illustrates this situation.
If a state has a heat exchanger associated with it, these

relationships do not apply, because no vapor flow transfer is
needed. In those states in which more than one section

Žreaches systems with more than the minimum number of
.sections , the vapor flow always can be transferred from the

column at high pressure.

Examples 3 and 4
As an example, Figure 11 shows the 19 thermodynamically

equivalent easier-to-control configurations for a given se-
quence of separation tasks of five components using 4Ny6
column sections.The configurations in Figure 11 coincide with
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Figure 11. The 19 thermodynamically equivalent configurations that are ‘‘easier to control’’ for the sequence of tasks
( )11.t in a mixture of 5 components using the minimum number of column sections.
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( )Figure 11. Continued The 19 thermodynamically equivalent configurations that are ‘‘easier to control’’ configura-
( )tions for the sequence of tasks 11.t in a mixture of 5 components using the minimum number of column

sections.

Ž .Agrawal’s work 2000, Figure 5 and validates the proposed
methodology. Finally, as a summary example, Figure 12 shows
all of the possible arrangements using two columns for sepa-
rating a 3-component mixture. Figure 12 also includes all the
thermodynamically equivalent schemes.

Example 5
This example illustrates how to integrate the logic expres-

sions presented earlier with sizing and cost equations in or-
der to synthesize an optimum configuration.

Consider the sequence of tasks in Table 2. This case corre-
sponds to a 5-component system in a fully thermally coupled
separation sequence using the minimum number of column

Ž .sections 64 thermodynamically equivalent configurations . In
this case, vapor and liquid flows and the number of theoreti-
cal trays in each section are known. With these data, mini-
mum diameters of each of the column sections can be calcu-
lated using the procedure presented by Stichlamir and Fair
Ž . Ž .1998 see Table 2 .

Since we are comparing thermodynamically equivalent se-
quences, it is not necessary to include the cost of heating and
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Figure 12. All of the possible rearrangements, in two columns, for a mixture of 3 components; all the thermodynami-
cally equivalent schemes are included.

Žcooling duties, or cost associated with heat exchangers re-
.boiler and condenser .

Due to the fact that only separation tasks are considered in
a state task approach, and not actual columns, the total an-
nual cost can be only approximately estimated. For example,
if it is assumed that each separation task is a column. How-
ever, if we rearrange all these tasks in N-1 columns we ob-
tain columns with different lengths and diameters depending
on which tasks are grouped, therefore the total cost change.
If the energy cost is very high, there will not be a large differ-

ence among the different configurations, but if the capital
cost is also important, then some important differences can
be found. It is not uncommon to find different configurations

Žwith very similar costs among all the thermodynamically
.equivalent that produce a degree of flexibility that can be

used to select alternatives based on some other considera-
tions. Interestingly, they could be included in the model sim-
ply by adding some constraints.

For cost estimation we have used the procedure proposed
Ž .by Ulrich as presented in Turton et al. 1998 .
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Table 2. Data for Example 5. Separation of 5-Component Mixture

.A: n-pentane; B: n-hexane; C: n-hepthane; D: n-octane; E: n-nonane
Feed 50 kmolrh. isomolar
Separation Sequence: ABCDrBCDE, ABCrD, BrCDE, ABrC, CrDE, ArB, DrE
Separation Task Column Diameter Number of

Section Section Trays in
Ž . Ž .DS, m Section NS

ABCDrBCDE S1 1.07 3
S2 1.30 3

ABCrD S3 1.02 13
S4 0.35 13

BrCDE S5 1.08 13
S6 1.82 13

ABrC S7 1.11 12
S8 0.45 12

CrDE S11 1.34 15
S12 2.36 14

ArB S13 1.21 10
S14 0.55 10

DrE S19 1.50 16
S20 3.13 16

Optimal arrangement:
Cost: $1,361,471
Column 1: J13, J7, S8, S11
Column 2: J14, J5
Column 3: J3, J4, J19
Column 4: J1, J2, J6, J12, J20

Mathematically the optimization model can be written as
follows

P2:

¶min CBM qCBMIŽ .Ý c c
cg COLUMNS

s.t. NT s NS PÝc s s,c
sgSECTION

Y 1 Y 2 Y 3c c c

7FNT F10 10FNT F20 20FNTY Yc c c

Fq s2 Fq s1.5 Fq s1c c c

CpI GCpIS p sgSECTIONc s s,c

CBMI s1.2CpI NT Fqc c c c •
H s2q0.5NTc c

D GDS p sgSECTIONc s s,c

2k1 s3.2104q04641D y0.0462 Dc c c

2k2 s0.6477y0.1029D q0.0101 Dc c c

2k3 s0.2476y0.0650 D q0.00942 Dc c c

2log Cp sk1 qk2 log H qk3 log Hw xŽ . Ž . Ž .c c c c c c

CBM sCp 2.5q1.72Ž .c c ß� P sTRUEŽ .s,c

�cgCOLUMNS

CBM CBMI D H Fq NT Cp G0;c, c , c , c , c , c , c

� 4Y 1 Y 2 Y 3 s TRUE,FALSEc, c , c

where CBM and CBMI are the bare module costs for vessels
and internals respectively; Cp and CPI are the purchased
costs of the equipment, assuming ambient operating pressure

and carbon steel construction; NT is the number of trays in a
Ž .column or in a section NS ; D makes reference to the col-

umn diameter, calculated as the maximum of the diameters
Žof individual column sections; H is the column height as-

.suming 50 cm as space between trays , plus 2 m for vapor
disengagement at the top and liquid sump at the bottom; and
Fq is a factor based in the number of trays in the vessel.

In problem P2, Y1, Y2, Y3 are Boolean variables intro-
duced to select the factor Fq as a function of the number of
plates in the column. Note also that variable p , is a binarys c
Ž .0,1 variable that takes the value 1 if the Boolean variable
P takes the value True.s,c

Finally, the last equation in problem P2 corresponds to the
set of logic constraints previously cited in the article.

The optimal configuration is shown in Figure 13. Note that
this solution is also a configuration that is easier to control.

Conclusions
In this article, we have presented a systematic way for gen-

erating all of the possible arrangements of a given sequence
of separation tasks in N-1 distillation columns. The problem
is represented through a set of symbolic relations that can be
written in propositional logic form. These logic propositions
completely determine the space of alternatives for arranging
a sequence of tasks in fully or partially thermally coupled
distillation systems using N-1 distillation columns. This space
of alternatives includes from fully thermally coupled distilla-

Ž .tion systems only one reboiler and one condenser to con-
ventional columns going through all the intermediate possi-
bilities.

In order to avoid the control problems associated with
transfer vapor flow from columns at high to lower pressures,
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Figure 13. Optimal solution of Example 5.

a set of logic relations was added to the previous problem to
generate only alternatives in which the vapor flow always goes

Žfrom higher to lower pressures easier-to-control configura-
.tions .

These logical relations can be used to generate alterna-
tives, or they can be included in an optimization framework
in order to obtain the best configuration, given some opti-
mization criterion. In this context, disjunctive programming is
especially well suited, because it allows inclusion of these sets
of relations directly or translated into a set of algebraic equa-
tions in terms of binary variables.

Although it is not the objective of this work, it is interest-
ing to note that partially or fully thermally coupled sequences
are the starting point for the design of columns with divided
walls. While for a 3-component mixture there is a single pos-
sibility, for mixtures with more than four components there is
a large number of possibilities for merging two or more
columns in columnrs with internal wallrs. Different se-
quences of tasks, together with different thermodynamically
equivalent rearrangement possibilities, open a new and
promising set of alternatives that will be reported in a future
article.
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Appendix A: Number of Thermodynamically
Equivalent Schemes for a Given Sequence of
Tasks

Consider, for example, the tasks presented in Figure 7. In
this figure the boxes are column sections and the circles are
tasks. Consider a state, for example, the state AB. If there is
a heat exchanger associated to state AB it is clear that sec-
tion 13 and section 7 must belong to different columns. How-
ever, if the state AB does not have a heat exchanger associ-
ated with it, sections 13 and 7 can be assigned to the same or
to different columns. In fact there are two possibilities: sec-
tion 13 and 7 belong to the same column, or section 13 and 7
belong to different columns. The same happens with states
ABC, ABCD, BCDE, CDE, and DE.

Ž .State BC internal sate is somewhat different. If there is
no heat exchanger, there are only two possibilities: sections 8
and 9 belong to one column and sections 15 and 16 belong to
another column, or section 8 and 16 belong to one column
and sections 9 and 15 belong to another column. The same

Ž .happens to the other internal states BCD and CD . This
Ž .observation was previously reported by Agrawal 2000 , and

is the base of step 3 in his procedure for generating, by hand,
thermodynamically equivalent configurations.

Sections 14 and 15 must belong to the same column. The
Ž .product state B only produces one option. The same hap-

pens to product C, so sections 16 and 17 must belong to the
same column, and to product D and sections 18 and 19. Again

Ž .this observation was previously reported by Agrawal 2000 ,
and it is step 1 in the previously mentioned procedure.

For any other sequence of tasks the same results are ob-
Žtained. Whatever state is considered except the initial state

.and those that leave the system � pure products , it pro-
Žduces two alternatives provided that that state has no associ-

.ated heat exchanger .
In general, a given state can be reached by only one col-

Žumn section if we are using the minimum number of column

.sections , and produces two column sections. Two of these
Žthree sections belong to the same column one stripping and

.one rectifying section , which produces two possibilities. If
we are using more than the minimum number of column sec-
tions, some internal states can be reached by two column sec-

Ž .tions a stripping and a rectifying section . Again, as was
shown previously, only two possible arrangements are possi-
ble.

Therefore, the total number of thermodynamically equiva-
lent configurations for a given sequence of task is given by

number of intermediate statesNumber of
without heat exchanger associatedthermal links

NCs2 s2 A1Ž .

ŽThe number of the intermediate states all the states ex-
.cept the initial one and those that leave the system is equal

Ž . Žto the number of separation tasks NT minus one that task
.is associated with the initial mixture , and minus the heat

Ž .exchangers of class I NHE . ThusI

NCs2ŽN TyNH EIy1. A2Ž .

Usually we are interested in designing systems that use the
minimum number of column sections. Consider first the case

Ž .of fully thermal coupling only two heat exchangers . In this
Ž .case, the number of tasks is 4N y 6 r2. A heat exchanger

Ž .associated with a product that leaves the system class II re-
duces by one the number of tasks, and a heat exchanger of
class I divided by 2 reduces the number of configurations.

Then, for a system using the minimum number of column
sections, the number of configurations is

NCs2ŽŽ4 Ny6.r2. ŽNH EIIy2.yNH EIy1.s2ŽŽ4 Ny6.r2 NH Eq1. A3Ž .

where NHE is the number of heat exchangers of class II,II
and NHE is the total number of heat exchangers. Note that
there are always at least two heat exchangers of class II, so
these must be subtracted from the final number of heat ex-
changers.
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